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Abstract 

We present exact calculations of the partition function of the zero-temperature Potts an- 
tiferromagnet (equivalently, the chromatic polynomial) for graphs of arbitrarily great length 
composed of repeated complete subgraphs Kb with 6 = 5,6 which have periodic or twisted 
periodic boundary condition in the longitudinal direction. In the L x — > oo limit, the con- 
tinuous accumulation set of the chromatic zeros B is determined. We give some results for 
arbitrary b including the extrema of the eigenvalues with coefficients of degree 6 — 1 and 
the explicit forms of some classes of eigenvalues. We prove that the maximal point where B 
crosses the real axis, q c , satisfies the inequality q c < b for 2 < b, the minimum value of q at 
which B crosses the real q axis is q = 0, and we make a conjecture concerning the structure 
of the chromatic polynomial for Klein bottle strips. 
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I. INTRODUCTION 



The g-state Potts antiferromagnet (AF) exhibits nonzero ground state entropy, So > 
(without frustration) for sufficiently large q on a given lattice A or, more generally, on a 
graph G. This is equivalent to a ground state degeneracy per site W > 1, since So = ks In W. 
There is a close connection with graph theory here, since the zero-temperature partition 
function of the above-mentioned g-state Potts antiferromagnet on a graph G satisfies 

Z(G,q,T = 0) PAF = P(G,q) , (1.1) 

where P(G, q) is the chromatic polynomial expressing the number of ways of coloring the 
vertices of the graph G with q colors such that no two adjacent vertices have the same color 
(for reviews, see 0- ||). The minimum number of colors necessary for such a coloring of G 
is called the chromatic number, x(G). Thus 

W({G},q)= limP(G,g) 1 /", (1.2) 

n— >oo 

where n is the number of vertices of G and {G} = lim n _>oo G. Where no confusion will 
result, we shall sometimes write G rather than {G} for the infinite- length limit of a given 
type of strip graph. At certain special points q s (typically q s = 0, 1, .., %(G r )), one has the 
noncommutativity of limits 

lim lim P{G,q) 1/n + lim lim P{G,q) 1/n , (1.3) 

q— >q s n— >oo n— too q—*q s 

and hence it is necessary to specify the order of the limits in the definition of W({G}, q s ) ||. 
Denoting W qn and W nq as the functions defined by the different order of limits on the left 
and right-hand sides of ( |1.3| ), we take W = W qn here; this has the advantage of removing 
certain isolated discontinuities that are present in W nq . 

Using the expression for P(G, q), one can generalize q from Z + to C. The zeros of P(G, q) 
in the complex q plane are called chromatic zeros; a subset of these may form an accumulation 
set in the n — > oo limit, denoted B, which is the continuous locus of points where 1^({G}, q) 
is nonanalytic. Q The maximal region in the complex q plane to which one can analytically 
continue the function ^({G}, q) from physical values where there is nonzero ground state 
entropy is denoted R\. The maximal value of q where B intersects the (positive) real axis 
is labeled q c ({G}). This point is important since ^({G}, q) is a real analytic function from 
large values of q down to q c ({G}). 



For some families of graphs B may be null, and W may also be nonanalytic at certain discrete points. 
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Here we present exact calculations of the partition function of the chromatic polynomial 
P(G, q) for graphs of arbitrarily great length composed of repeated complete subgraphs K b 
with 6 = 5,6 which have periodic or twisted periodic boundary conditions in the longitudinal 
direction.f] Thus, consider L x copies of the complete graph Kl with vertex set V(Kl v ) = 
{1,2, ...,L y }. Denote the edges joining each adjacent pair of Kl v and K' L graphs as L = 
{viVj\i,j = 1, L y }, where Vi, v'j are vertices of adjacent complete graphs Kl v and K' L , and 
impose periodic boundary conditions in the longitudinal direction, x. In J7|, the graph with 
L x copies of K L for arbitrary L x and L y was called the bracelet strip. The total number of 
vertices is n = L x L y for these strips. 

A generic form for chromatic polynomials for recursively defined families of graphs (fam- 
ilies of graphs that can be constructed via repeated addition of some subgraph), of which 
strip graphs G s are special cases, is || 

P((G s ) mi q) = c Ga ,M^G s ,M) L * , (1-4) 

where cc s ,j(q) and the Nq s ,x terms \G 3 ,j(q) depend on the type of strip graph G s but are 
independent of L x . 

For a given type of strip graph G s , we denote the sum of the coefficients cc s ,j as 

C(G s ,q)= c Gs,M ■ (1-5) 
i=i 

Some works on calculations of chromatic polynomials for recursive families of graphs 
include [|]- [|| . 



II. FAMILY OF TOROIDAL STRIPS 

Specifically, we consider the set of edges linking two successive complete graphs on the 
chain is L = {11, 22, 33, L y L y }, which will be denoted as a torus. For L y = 2, this is the 
ladder graph with vertex set T2 = K2 [f|. For the graph with L y = 3,4, which has vertex 
set C3 = K 3 and K4, the chromatic polynomial was given in [1(J and respectively. In 



58| , |59|| , these families of graphs with linking edge sets {11, 22, 33, 66} were denoted as 



2 K n denotes the complete graph, i.e. the graph with n vertices such that each vertex is connected 
by an edge to all of the other vertices. 
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B m (b), where b = L y , m = L x . The corresponding Klein bottle strip is the same as the 
toroidal strip except one of the linking edge set is {lL y , 2(L y — 1), ...L y l}. The form of the 
chromatic polynomials for the B m (b) strips was determined to be 

b N Bm(b),d,\ 

P(B m (b),q) = J2 E c ^(6),^(g)4 ro (6) ) d,i(AB m (6) )d ,i(?)) m , (2.1) 

d=0 j=l 

where d is the degree of the coefficient Cs m (6),<y (?) as a polynomial in q, and the c' B t h ~, d ^s are 
numbers which depend on b. The structural feature that these coefficients can be grouped 
into sets of fixed degree d is similar to that found in jL4|] for cyclic strips of the square and 
triangular lattice, although for these bracelet chain graphs, for b > 3, there is more than 
one coefficient of a given degree (see |10| for the case 6 = 3), whereas in contrast, for the 
cyclic strip graphs studied in ]l4j] (and the self-dual family studied in flSop there is only one 
coefficient of each degree. The degree d is denoted as the 'level' in pD|Jo^|J5D| . The ^B m {b),d,j{o) 



is the eigenvalue of an appropriately defined transfer matrix |37[ and is a polynomial in q 
of degree b — d. For sufficiently large integer q, the coefficient CB m (b),d,j(Q)<^B m (b) a j can De 
interpreted as the multiplicity of this eigenvalue. 

There are partitions associated with each d which were used to determine the forms of 
c B m (b),d,j in Hill- For a partition X of d such that xj + a^-i + ■■• + x i — d an d %d < ^d-i < 
... < X\ where Xi for 2 < i < d are non-negative integers and x\ is a positive integer, there 
is an associated partition Y of did + l)/2 such that + Ud-i + ••• + Vi — d{d + l)/2 and 
Hi = Xi + d — i for 1 < i < d. Then the CB m (b),dj for a partition X can be written as 

4 f[(q - Vi) ■ (2-2) 



d 

1 ■ 



d\ 

i=i 



For the partitions [d] and [1 ], the associated \B m n>) were given in p8|. 



A. L y = 5 toroidal strip 



By using theorems in [ 58fl , we find the chromatic polynomial for B m (5), i.e., the 5 x 
L x strips with each transverse slice forming a graph, and with edge linking set L = 
{11, 22, 33, 44, 55} between two adjacent slices. 



It is convenient to express the A's in term of the following functions |pQ 

%-i 



b-i 



m, q ) = £(-i; 



s=0 



(q - i - s)^-*) 



(2.3) 
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where is falling factorial defined as 



fc-i 



W^H(q-s). (2.4) 



s=0 



/o(5,g) 


= g 5 


- 15g 4 + 95g 3 


- 325g 2 + 609g 


/i(5,g) 


= g 4 


- 14g 3 + 77q 2 


- 200g + 209 


/ 2 (5,g) 


= g 3 


- 12q 2 + 50q - 


- 73 


/a(5,g) 


= g 2 


-9g + 21 




/ 4 (5,g) 


= 9 " 


- 5 




/ 5 (5,g) 


= 1, 







Here we adopt the convention that fi(b, q) = if b < i. 
For the case 6 = 5, one has 

301 (2.5) 

(2.6) 
(2.7) 
(2.8) 
(2.9) 
(2.10) 

and the chromatic polynomial for the B m (5i) strip is 

5 N B m (5),d,\ 

P(B m (5),q) = E c ^(5)^(?)4 m (5),^(AB m (5),^(g)) m , (2.11) 

d=0 j=l 

where N Bm ^ td ys are equal to 1, 2, 5, 9, 9, 1 for d from to 5. We find that the total number 
of distinct A's is 

5 

N P ,B m ( 5) ,x = E N Bm(5UA = 27 . (2.12) 

d=0 

We note that our result (|2.12|) differs from the pattern Np t B m (b),\ = 2 6 that was found for 
1 < b < 4, namely iV P , Bm(1) , A = 2, N P;Bm{2);X = 2 2 0, iV pBm(3) , A = 2 3 [0], and iV pBm(4))A = 2 4 
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We calculate that the eigenvalue with coefficient of degree in q is unique and is given 

by 

A Bm (5) A i = /o(5, q) = q 5 - 15g 4 + 95g 3 - 325g 2 + 609g - 501 . (2.13) 
For the eigenvalues with coefficients of degree 1 in q we find 

A Pm (5),i,i = -fi (5, q) + 4/ 2 (5, q) = -q 4 + 18g 3 - 125g 2 + 400g - 501 (2.14) 



A Bm (5),i,2 = -/i(5, q) - / 2 (5, g) = -(g - 4)(g 3 - 9g 2 + 29g - 34) . (2.15) 
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Next, for the eigenvalues with coefficients of degree 2 in q we obtain 

A Bm( 5) )2 ,i = / 2 (5, q) - 6/3(5, q) + 6/4(5, g) = g 3 - 18g 2 + 110g - 229 (2.16) 

A Bm ( 5 ),2, 2 = / 2 (5, g) - / 3 (5, q) - 4/4(5, g) = g 3 - 13g 2 + 55g - 74 (2.17) 

AB m(5 ),2,3 = / 2 (5, g) + 2/3(5, g) + 2/ 4 (5, g) = g 3 - 10g 2 + 34g - 41 (2.18) 

A Bm(5 ),2,4 = / 2 (5, g) - 3/3(5, g) = g 3 - 15g 2 + 77g - 136 (2.19) 

AB m (5), 2 ,5 = / 2 (5, g) + 2/3(5, g) = g 3 - 10g 2 + 32g - 31 . (2.20) 

For 1 < j < 3 these A_B m (5), 2 ,/s correspond to the partition [2] and for j — 4, 5 to the partition 
[11]. 

Proceeding to the eigenvalues with coefficients of degree 3, we find 

AB m (5),3,i = -/ 3 (5, g) + 6/4(5, g) - 6/ 5 (5, g) = -g 2 + 15g - 57 (2.21) 

AB m( 5),3, 2 = -/s(5, g) + / 4 (5, g) + 4/ 5 (5, g) = -g 2 + lOg - 22 (2.22) 

A£ m ( 5 ),3,3 = -/ 3 (5, g) - 2/4(5, g) - 2/ 5 (5, g) = -g 2 + 7g - 13 (2.23) 

AB m(5 ),3,4 = -/ 3 (5, g) + 4/4(5, g) - 2/ 5 (5, g) = -g 2 + 13g - 43 (2.24) 

A Bm(5 ),3,5 = -/s(5, g) + / 4 (5, g) + / 5 (5, g) = -(g - 5) 2 (2.25) 

A Bm( 5),3,6 = -/ 3 (5, g) - / 4 (5, g) + 3/ 5 (5, g) = -g 2 + 8g - 13 (2.26) 

AB m(5 ),3,7 = -/ 3 (5, g) - 3/4(5, g) - 3/ 5 (5, g) = -(g - 3) 2 (2.27) 

A Bra( 5), 3 ,8 = -/ 3 (5, g) + 2/4(5, g) = -g 2 + llg - 31 (2.28) 

AiM5),3,9 = -/s(5, g) - 3/4(5, g) = -g 2 + 6g - 6 . (2.29) 
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Here the \B m {5),3j for 1 < j < 3 correspond to the partition [3], for 4 < j < 7 to the partition 
[21], and for j = 8, 9 to the partition [111]. 

For the eigenvalues with coefficients of degree 4 in g, we calculate 



A Bm(5)! 4,i = / 4 (5, q) - 4/ 5 (5, q)=q-9 (2.30) 

A Bm( 5),4,2 = / 4 (5, g) + / 5 (5, q) = q - 4 (2.31) 

AB m{5 ),4,3 = / 4 (5, g) - 3/5(5, g) = q - 8 (2.32) 

A Bm(5) , 4 ,4 = / 4 (5, g) + 3/5(5, q)=q-2 (2.33) 

A Bm( 5),4,5 = A(5, g) + 2/5(5, g) = g - 3 (2.34) 

As m ( 5 ),4,6 = / 4 (5, g) = g - 5 (2.35) 

AB m(5) ,4,7 = / 4 (5, g) - 2/5(5, g) = g - 7 (2.36) 

AB m ( 5 ),4,8 = / 4 (5, g) - / 5 (5, g) = g - 6 (2.37) 

A Bm( 5), 4 ,9 = / 4 (5, g) + 4/5(5, g) = g - 1 . (2.38) 



Here the \B m (5),4,j for j = 1,2 correspond to the partition [4], for j = 3, 5, 6 to the partition 
[31], for j = 4, 6, 7 to the partition [211], for j = 5, 7 to the partition [22], and for j = 8, 9 to 
the partition [1111]. Notice that the terms \B m (5),4,j for 5 < j < 7 involve degeneracies from 
two different associated partitions. 

Finally, for the eigenvalue with coefficient of degree 5, we have 

As m (5),5,i = -/5(5,g) = -l . (2.39) 

This involves a degeneracy from all the possible partitions. 
The coefficient c Bm{5)Aj (q)c' Bm{b)Aj of degree in q is 

CB m (5),0,lCB m (5),0,l = 1 • (2.40) 

The coefficients of degree 1 in q are 
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CB m (5),l,l<4 m (5),l,l = 1 ~ 1 



(2.41) 



C Bm (5),l,24 m ( 5 ),l,2 = % - !) > ( 2 - 42 ) 

where Cb^ij = g - 1 for j = 1, 2, and c^ m(5)>lj . = 1,4 for j = 1, 2. 

For d = 2, there are partitions [2] and [11], and the associated cx,2 are cpp = |g(g — 3) 
and C[n] ;2 = |(g — l)(q — 2). The coefficients of degree 2 in q are listed in Table | 

TABLE I. Coefficients of degree 2 in q for B m (5) strip. 





partition 


c B m (5),2,j 


CB m (5),2,jC' Bm (5),2,7 


1 


[2] 


1 


k(9- 3 ) 


2 


[2] 


4 


2q(q - 3) 


3 


[2] 


5 


|?(g-3) 


4 


[11] 


4 


2(g-l)(g-2) 


5 


[11] 


6 


3(g-l)(g-2) 



For d = 3, there are partitions [3], [21] and [111], and the associated cx i3 are q 3 ] )3 = 
|g(g-l)(g-5), c [2 i], 3 = §g(g-2)(g-4) and C[m] i3 = §(g- l)(g-2)(g-3). The coefficients 
of degree 3 in g are listed in Table H 



TABLE II. Coefficients of degree 3 in q for B m (5) strip. 



j 


partition 


c B m (5),3,j 


CB m (5),3,iC / Bm(5)i3J 


1 


[3] 


1 


_!)(,_ 5 ) 


2 


[3] 


4 


§g(g-l)(g-5) 


3 


[3] 


5 


|g(g-l)(g-5) 


4 


[21] 


8 


fg(g-2)(g-4) 


5 


[21] 


10 


fg(g-2)(g-4) 


6 


[21] 


12 


2g(g-2)(g-4) 


7 


[21] 


10 


§g(g-2)(g-4) 


8 


[HI] 


6 


(g-l)(g-2)(g-3) 


9 


[HI] 


4 


|(g-l)(g-2)(g-3) 
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For d = 4, there are partitions [4], [31], [22], [211] and [1111], and the associated cx,a are 
c [4 ],4 = ^g(g-l)(g-2)(g-7), c [3 i ]i4 = ig(g-l)(g-3)(g-6), c [22 ],4 = ^g(g-l)(g-4)(g-5), 
C[2ii],4 = ^g(g-2)(g-3)(g-5), and c [ini],4 = 5j(g-l)(g-2)(g-3)(g-4). The coefficients 



of degree 4 in q are listed in Table I I I 



TABLE III. Coefficients of degree 4 in q for B m (b) strip. 



J 


Tiavt 1 1 ion 


c B m (5),4,j 


c B m (5),4,J c B m (5)A,j 


1 


[4] 


1 


^q(q-l)(q-2)(q-7) 


2 


[4] 


4 


lq(q-l)(q-2)(q-7) 


3 


[31] 


12 


2?(?-l)(9-3)(g-6) 


4 


[211] 


12 


|g(g-2)(?-3)(g-5) 


5 


[31] 
[22] 


18 
10 


±g(g-l)(7<z 2 -63g+131) 


6 


[31] 
[211] 


15 
15 


fg(g-3)(g 2 -7g + 8) 


7 


[211] 
[22] 


18 
10 


±g(g-5)(7g 2 -35g + 37) 


8 


[1111] 


4 


I(g-l)(g-2)(g-3)(g-4) 


9 


[1111] 


1 


£( 9 -l)( 9 -2)(g-3)(?-4) 
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Finally, the coefficient of degree 5 in q is given by 

^(5),5,i4 ra( 5),5,i = <7 5 - 15g 4 + 75g 3 - 145g 2 + 89g - 1 . (2.43) 
The sum of all the coefficients is equal to 

5 N B m (5),d,\ 

C{B m (5),q) = Yl c £m(5)Ai(9) c B m (5),d,j 

d=Q j=l 

= q(q - 1)(? - 2)(g - 3)(g - 4) = P(K 5 , q) . (2.44) 

The chromatic number is x{B m {5)) = 5. 

The locus B and chromatic zeros for the B m (5) strip with L x = m = 20 are shown in 
Fig. |1|. The locus B crosses the real g-axis at q = 0,2,4 and q c (B m (5)), where 

q c (B m (5)) - 4.50634- ■• . (2.45) 



4 1 i | i | i | i | i | r 




I I i I i I i I i I i L 

-10 12 3 4 
Re(q) 
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FIG. 1. Locus B for the to — > oo limit of the family B m (5) with toroidal boundary conditions and 
chromatic zeros for -B m (5) with to = 20 (i.e., n = 100). 

The locus B has support for Re(q) > 0, and separates the q plane into four regions. The 
outermost one, region extends to infinite \q\ and includes the intervals q > q c (B m (5)) and 
q < on the real q axis. Region i? 2 includes the real interval 4 < q < q c (B m (5)), region R 3 
includes the real interval 2 < q < 4, while region R 4 includes the real interval < q < 2. In 
regions R4, 1 < i < 4, the dominant terms are A Bm ( 5 ) i0 ,i, A Bm (5),3,i, A Bm (5) )2 ,i, and A Bm(5)i i i i, 
respectively. Thus, the q c (B m (5)) given in ( p.45|) is the degeneracy between |A Bm ( 5 ) 5 o,i| 



and 



I A 



B m (5),3,l|> 



and is the real solution of q 5 — 15g 4 + 95g 3 — 326g 2 + 624g — 558 = 0. 

B. L y = 6 toroidal strip 



We have also succeeded in obtaining the chromatic polynomial for B m (6), i.e., the 6 x 
L x strips with each transverse slice forming a Kq graph, and with edge linking set L = 
{11, 22, 33, 44, 55, 66} between two adjacent slices. 

For 6 = 6, one has 



(2.46) 
(2.47) 
(2.48) 
(2.49) 
(2.50) 
(2.51) 
(2.52) 



/o(6,g) 


= g 6 


- 21g 5 + 190g 4 


- 965g 3 


+ 2944g 2 


- 5155g + 4051 


/i(6,g) 


= g 5 


- 20g 4 + 165g 3 


- 710g 2 


+ 1609g - 


- 1546 


/ 2 (6,g) 


= g 4 


- 18g 3 + 125g 2 


- 400g - 


f 501 




/ 3 (6,g) 


= g 3 


- 15g 2 + 77q - 


136 






fa(6,q) 


= g 2 


- llg + 31 








/ 5 (6,g) 


= q - 


-6 








/e(6,g) 


= 1, 











and the chromatic polynomial for the B m (6) strip is 

6 N B m (6),d,\ 

P((B m (Q),q) = Yl E C B m (6),d,j(q)c' Bm ^ Aj (XB m (6),d,3 
d=0 j=l 



(q)Y 



(2.53) 



where NB m (6),d,\'s are equal to 1, 2, 5, 10, 16, 11, 1 for d from to 6. We find that the total 
number of distinct A's is 



N P , Bm (6),x = 46 . 



(2.54) 



The eigenvalue with coefficient of degree in q is unique and is given by 
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AjM6),o,i = /o(6, q) = q 6 - 21g 5 + 190g 4 - 965g 3 + 2944g 2 - 5155g + 4051 . (2.55) 
For the eigenvalues with coefficients of degree 1 in q we have 

AjM6),i,i = "A (6, q) + 5/ 2 (6, q) = -g 5 + 25g 4 - 255g 3 + 1335g 2 - 3609g + 4051 (2.56) 

A Sm ( 6 ),i,2 = -A(6, q) - / 2 (6, q) = -(q - 5)(g 4 - 14g 3 + 77g 2 - 200g + 209) . (2.57) 
For the eigenvalues with coefficients of degree 2 in q we find 

A Bm ( 6 ),2,i = / 2 (6, q) - 8/ 3 (6, q) + 12/4(6, q) = g 4 - 26g 3 + 257g 2 - 1148g + 1961 (2.58) 

A Bm( 6),2,2 = / 2 (6, q) - 2/3(6, q) - 6/4(6, q) = q A - 20q 3 + U9q 2 - 488g + 587 (2.59) 

A Bm( 6),2,3 = / 2 (6, q) + 2/3(6, q) + 2/4(6, q) = g 4 - 16g 3 + 97g 2 - 268g + 291 (2.60) 

A Bm ( 6 ),2,4 = / 2 (6, q) - 4/3(6, q) = q 4 - 22q 3 + 185g 2 - 708g + 1045 (2.61) 

A Bm( 6),2, 5 = / 2 (6, q) + 2/3(6, q) = q 4 - 16g 3 + 95g 2 - 246g + 229 . (2.62) 

For 1 < j < 3, these \B m (6),2,j correspond to the partition [2] and for j — 4,5 to the partition 
[11]. 

For the eigenvalues with coefficients of degree 3 in q we obtain 

A Sm (6),3,i = -/ 3 (6, q) + 9/4(6, q) - 18/5(6, q) + 6/ 6 (6, q) = -g 3 + 24g 2 - 194g + 529 (2.63) 

AB m (6),3,2 = -/ 3 (6, q) + 3/4(6, q) + 6/5(6, q) - 6/ 6 (6, g) = -g 3 + 18g 2 - 104g + 187 (2.64) 

A Bm ( 6 ),3,3 = -/ 3 (6, g) - / 4 (6, g) + 2/ 5 (6, g) + 6/ 6 (6, g) = -g 3 + 14g 2 - 64g + 99 (2.65) 

A Bm( 6),3,4 = -/ 3 (6, g) - 3/4(6, g) - 6/5(6, g) - 6/ 6 (6, g) = -g 3 + 12g 2 - 50g + 73 (2.66) 

AB m( 6),3,5 = -/ 3 (6, g) + 6/4(6, g) - 6/5(6, g) = -g 3 + 21g 2 - 149g + 358 (2.67) 

A Bm(6 ),3,6 = -/ 3 (6, g) + 2/4(6, g) + 2/ 5 (6, g) = -(g - 6)(g 2 - llg + 31) (2.68) 
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A Bm(6 ),3,7 = -/ 3 (6, q) + 6/5(6, q) = -q 3 + 15g 2 - 71q + 100 (2.69) 

AB m (6),3,8 = -/a(6, q) - 3/4(6, q) - 3/ 5 (6, q) = -q 3 + 12q 2 - 47q + 61 (2.70) 

AB m (6),3,9 = "/ 3 (6, q) + 3/4(6, q) = -q 3 + 18q 2 - llOg + 229 (2.71) 

A Sm( 6),3,io = "/ 3 (6, q) - 3/4(6, q) = -q 3 + 12g 2 - 44g + 43 . (2.72) 

Here the \B m {%),z,j for 1 < j < 4 correspond to the partition [3], for 5 < j < 8 to the partition 
[21], and for j = 9, 10 to the partition [111]. 

Proceeding to the eigenvalues with coefficients of degree 4 in q we calculate 

A Sm( 6),4,i = / 4 (6, q) - 8/5(6, q) + 12/ 6 (6, q) = q 2 - 19q + 91 (2.73) 

A Bm(6 ),4,2 = / 4 (6, q) - 2/5(6, q) - 6/ 6 (6, q) = q 2 - 13q + 37 (2.74) 

A Bm(6 ),4,3 = / 4 (6, q) + 2/5(6, q) + 2/ 6 (6, q) = q 2 - 9q + 21 (2.75) 

AB m(6 ),4,4 = / 4 (6, q) - 6/ 6 (6, q) = q 2 - Uq + 25 (2.76) 

A Bm(6 ),4,5 = / 4 (6, q) - 2/5(6, q) - 2/ 6 (6, q) = q 2 - Uq + 41 (2.77) 

AB m(6 ),4,6 = / 4 (6, q) = q 2 - Uq + 31 (2.78) 

A Bm(6 ),4,7 = h(e, q) + 3/5(6, q) + 3/ 6 (6, q) = (q - 4) 2 (2.79) 

AB m(6 ),4,8 = / 4 (6, q) ~ 6/5(6, q) + 6/ 6 (6, q) = q 2 - 17 q + 73 (2.80) 

AB m(6 ),4,9 = / 4 (6, q) + /s(6, q) - 3/ 6 (6, q) = q 2 - 10g + 22 (2.81) 

A Sm( 6),4,io = / 4 (6, q) + 4/5(6, q) + 6/ 6 (6, q) = q 2 - 7q + 13 (2.82) 

AB m (6),4,n = / 4 (6, q) ~ 4/5(6, q) + 2/ 6 (6, g) = q 2 - Ibq + 57 (2.83) 
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A Sm( 6),4,i2 = /4(6, g) + 2/5(6, q) - 4/ 6 (6, g) = g 2 - 9g + 15 (2.84) 

A Bm(6) ,4,i3 = / 4 (6, g) - / 5 (6, g) - / 6 (6, g) = (g - 6) 2 (2.85) 

A Bm (6)Ai4 = /4(6, g) + 4/ 5 (6, g) + 4/ 6 (6, g) = g 2 - 7g + 11 (2.86) 

A Bm( 6), 4 ,i5 = / 4 (6, g) - 2/ 5 (6, g) = g 2 - 13g + 43 (2.87) 

A Bm( 6),4,i6 = / 4 (6, g) + 4/5(6, g) = g 2 - 7g + 7 . (2.88) 



Here the A Bm ( 6 ) i4 j for 1 < j < 3 correspond to the partition [4], for 4 < j < 8 to the partition 
[31], for 9 < j < 11 to the partition [22], for 11 < j < 14 to the partition [211], and for 
j = 15, 16 to the partition [1111]. Notice that the term A£ m (6),4,n involves a degeneracy from 



two different associated partitions. 

For the eigenvalues with coefficients of degree 5 in q we find 

A Bm( 6),5,i = -/ 5 (6, q) + 5/ 6 (6, q) = -q + 11 (2.89) 

AB m (6),5,2 = -/ 5 (6, q) - / 6 (6, q) = -q + 5 (2.90) 

AB m (6),5,3 = -/s(6, q) + 4/ 6 (6, q) = -q+ 10 (2.91) 

AB m (6), 5 ,4 = -/5(6,g) = -g + 6 (2.92) 

A Bm( 6),5,5 = -/ 5 (6, g) - 2/ 6 (6, g) = -g + 4 (2.93) 

AB m( 6), 5 ,6 = -/s(6, g) + 3/ 6 (6, g) = -g + 9 (2.94) 

A Bm( 6),5,7 = -/ 5 (6, g) + / 6 (6, g) = -g + 7 (2.95) 

A Bm ( 6 ),5,8 = -/ 5 (6, g) - 3/ 6 (6, g) = -g + 3 (2.96) 

AB m( 6), 5 ,9 = -/ 5 (6, g) + 2/ 6 (6, g) = -g + 8 (2.97) 
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As m (6),5,io = -/s(6, q) - 4/ 6 (6, g) = -g + 2 



(2.98) 



A Bm (6), 5j ii = -/s(6, q) - 5/ 6 (6, g) = -q + 1 . (2.99) 

Here \B m (6),5,j f° r J — 1) 2 correspond to the partition [5], for 3 < j < 5 to the partition [41], 
for 5 < j < 7 to the partition [32], for j = 4,6,8 to the partition [311], for j = 2,8,9 to 
the partition [221], for j = 4, 9, 10 to the partition [2111], and for j = 7, 11 to the partition 
[11111]. Notice that the terms \B m (6),5,j for j = 2 and 5 < j < 9 involve degeneracies from 
two different associated partitions, and for j = 4 from three associated partitions. 
Finally, for the eigenvalue with coefficient of degree 6 in q we have 

AB m(6 ) ) 6, 1 = / 6 (6,g) = l. (2.100) 

This involves a degeneracy from all the possible partitions. 
The coefficient c Bm{ G) Aj (q)c' Bm{e) d j of degree in q is 

CB m (6), o,i c 's m (6), o,i = 1 • (2.101) 
The coefficients of degree 1 in q are 

cs m (6),i,i4 m(6)ilil = g-l (2.102) 



CB m (6),l,24 m ( 6 ),i, 2 = % - 1) , (2.103) 

where c Bm(6)) ij = g - 1 for j = 1, 2, and c^ m(6)1 ^ = 1,5 for j = 1, 2. 
The coefficients of degree 2 in g are listed in Table 

TABLE IV. Coefficients of degree 2 in q for J5 m (6) strip. 



j 


partition 


(J 

L B m (e),2j 


c Bm(6),2J c B m (6),2,7 


1 


[2] 


1 


±</(g-3) 


2 


[2] 


5 


§3(9-3) 


3 


[2] 


9 


§0(0-3) 


4 


[11] 


5 


|(0-l)(0-2) 


5 


[11] 


10 


5(g-l)(g-2) 
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The coefficients of degree 3 in q are listed in Table [V] 

TABLE V. Coefficients of degree 3 in q for B m (6) strip. 



j 


partition 


r' 


-Dm ^0;,0,J tfm (b),0,J 


1 


[3] 


1 


\q(q-l){q-Z) 


2 


[3] 


5 


|g(g-l)(g-5) 


3 


[3] 


9 


§g(g-l)( 9 -5) 


4 


[3] 


5 


| 9 ( g _l)( 9 _ 5 ) 


5 


[21] 


10 


§?(<Z-2)( 9 -4) 


6 


[21] 


18 


3 g (5-2)( 9 -4) 


7 


[21] 


20 


10^-2)(g-4) 


8 


[21] 


32 


fg(g-2)(g-4) 


9 


[111] 


10 


|(g-l)( g -2)((/-3) 


10 


[111] 


10 


|(g-l)(g-2)(9-3) 
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The coefficients of degree 4 in q are listed in Table [V] 

TABLE VI. Coefficients of degree 4 in q for B m (6) strip. 



j 


partition 


r' 

L- J~> /c\ J ■ 

-Dm (0),4,J 




1 

L 


[ 4 J 


1 


J-n(n — 1 \(n — ?\(n — 71 


2 


[4] 


5 


^g( 9 -l)( g -2)(g-7) 


Q 
O 


[41 


Q 


3/7/'/ 1 iV/i 9W n 71 


/I 


[di\ 


oU 


5„/„ iV,i qW/, fil 







97 


9„/„ iV/i 1\(n (\) 


u 


[ml 
[ J 


1 ^ 


iVn QW/. fil 


7 


fall 


AS 
4fcO 


zq(q — i){q — 6){q — o) 


8 


[31] 


15 


§g(g - l)(g - 3)(g - 6) 


9 


[22] 


32 


fg(g-l)(g-4)(g-5) 


10 


[22] 


10 


^g(g-l)(g-4)(g-5) 


11 


[22] 
[211] 


18 
30 


|g(g-5)(2g-3)(2g-7) 


12 


[211] 


30 


|?(9-2)(?-3)(g-5) 


13 


[211] 


48 


2g(g-2)(g-3)(g-5) 


14 


[211] 


27 


fg(g-2)(g-3)(g-5) 


15 


[1111] 


10 


A(,_i)( 9 _ 2 )( g -3)( g -4) 


16 


[1111] 


5 


^( g -l)( 9 -2)(g-3)(?-4) 
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For d = 5, there are partitions [5], [41], [32], [311], [221], [2111] and [11111], and the 
associated c x , 5 are c [5]i5 = -^q(q - l)(g - 2)(g - 3)(g - 9), c [41 ] i5 = -Lg(g - l)(g - 2)(g - 
4)(g - 8), q 32 ],5 = - l)(g - 2)(g - 5)(g - 7), c [311] , 5 = ^g(g - l)(g - 3)(g - 4)(g - 7), 

c[22i],5 = iiog(g - l)(g - 3)(g - 5)(g - 6), c [2 iii], B = i§gg(g - 2)(g - 3)(g - 4)(g - 6), and 
c [iiin],5 = (q' — l)(g — 2)(g — 3)(g — 4)(g — 5). We list the coefficients of degree 5 in q in 



Table VII 



TABLE VII. Coefficients of degree 5 in q for B m (6) strip. 



j 


partition 


(ft) ^ n 


c B m (6),5,7 C R (ft) 5 4 


1 


[5] 


1 


^q(q-l)(q-2)(q-3)(q-9) 


2 


[51 
[2211 


5 

25 


\ a ( a — 1 \(a — 3lfo — AM a — 7) 

4*iW L J\H J\'i ^Jvi ') 


3 


[41] 


20 


lq(q-l)(q-2)(q-A)(q-8) 


4 


[41] 
[311] 
[2111] 


36 
96 
36 


\q{q - 4)(7 9 3 - 77q 2 + 2\7q - 162) 


5 


[41] 
[32] 


40 
80 


g(g-l)(g-2)(g 2 -12g + 34) 


6 


[32] 
[311] 


45 
60 


ig(( ? -l)(g-7)(7g 2 -49g + 78) 


7 


[32] 
[11111] 


25 
5 


\(q-l)(q-2){q-h)(q 2 -7q + 2) 


8 


[311] 


60 


lq(q-l)(q-S)(7q 2 -77q + 202) 




[221] 


45 




9 


[221] 
[2111] 


80 
40 


q(q-3)(q-6)(q 2 -Qq + 6) 


10 


[2111] 


20 


|g(g-2)(g-3)(g-4)(g-6) 


11 


[11111] 


1 


I i 5 ( g -l)(g-2)( 9 -3)(g-4)( 9 -5) 
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Finally, the coefficient of degree 6 is 

CB m ( 6 ),6,i4 m (6),6,i = q 6 - 21q 5 + 160g 4 - 545g 3 + 8Uq 2 - 415g + 1 . (2.104) 
The sum of all the coefficients is equal to 

6 N B m (6),d,\ 

C(B m (6),q) = c B m (6),d,j(9)4 m (6),d,i 

d=0 j=l 

= q(q - 1)(? - 2)(q - 3)(q - A)(q - 5) = P(K 6 , q) . (2.105) 

The chromatic number is x{B m {Q)) = 6. 

The locus B and chromatic zeros for the B m (6) strip with L x = m = 15 are shown in 
Fig. |2|. The locus B crosses the real g-axis at q = 0,2,4 and q c (B m (6)), where 

q c (B m (6)) ~ 5.3236- •• . (2.106) 
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FIG. 2. Locus B for the m — > oo limit of the family B rn (6) with toroidal boundary conditions and 
chromatic zeros for B m (6) with m = 15 (i.e., n = 90). 

The locus B has support for Re(q) > 0, and separates the q plane into four regions. The 
outermost one, region extends to infinite \q\ and includes the intervals q > q c (B m (Q)) and 
q < on the real q axis. Region R 2 includes the real interval 4 < q < q c (B m (6)), region R 3 
includes the real interval 2 < q < 4, while region i? 4 includes the real interval < q < 2. In 
regions R4, 1 < i < 4, the dominant terms are A Bm ( 6 ),o,i> A Bm (6),3,i, A Bm ( 6 ), 2 ,i, and A Bm ( 6 ),i,i, 
respectively. Thus, the q c (B m (6)) given in (|2.106|) is the degeneracy between |A_B m (6),o,i| and 



|A Bm ( 6 ),3,i|, and is the real solution of q 5 - 19g 4 + 152g 3 - 660g 2 + 1600g - 1761 = 



III. FAMILY OF KLEIN BOTTLE STRIPS 



Consider the graph with L x set of Kb with L x — 1 edge linking sets {11,22, ...,bb} and 
one edge linking set {lb, 2(6 — 1 ),..., 61}. This is the Klein bottle strip and will be denoted as 
B m (b). The chromatic polynomials has the same form as given in eq. (|2.1| ), and the A's are 
the same as those of the corresponding toroidal strip with the same b. The only difference 
is the coefficients. 



A. L y = 5 Klein bottle strip 

For 6 = 5 considered here, the coefficients c§ m ^ d j(q)c' s i^)dj are summarized in Table 



TABLE VIII. Coefficients for B m (5) strip. 



d 


3 


partition 


C B m (5),d,i 







1 


[0] 


1 


1 


1 


1 


[1] 


1 


q-1 


1 


2 


[1] 








2 


1 


[2] 


1 


59(?- 3 ) 


2 


2 


[2] 








2 


3 


[2] 


1 


59(9-3) 


2 


4 


[11] 








2 


5 


[11] 


-2 


-(q-l)( q -2) 
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Q 
O 


i 




i 
i 


6919 _ i Jl9 - oj 


9 
o 


o 
z 




n 
u 


n 
u 




3 


[31 
L°J 


1 


l a ( a - I) ( a — K) 


3 


4 


[211 





o 


3 


5 


[211 


2 


\q(q - 2)(o - 4) 


3 


6 


[211 


-4 


-Iq(q - 21 (a - 41 


3 


7 


[211 


2 


iofo - 21 Co - 41 


3 


8 


[111] 


-2 


_l( g _l)(g_ 2 )( g -3) 


3 


9 


[1111 


o 


o 


4 


1 


[4] 


1 


^ g ( g -l)( g -2)(g-7) 


4 


O 

z 


Ml 

[ 4 J 


n 
U 


n 
U 


4 


3 


[31] 








4 


4 


[211] 


u 


u 


4 


r 



roi l 
[31] 


— 
9 


~69(9 - 1)(9 -99 + 17) 


4 


6 


[31] 
[211] 


3 
3 


l9(9-3)(g 2 -7g + 8) 


4 


7 


[211] 
[22] 


-6 
2 


-g9(9-5)(g 2 -5(7 + 7) 


4 


8 


[1111] 








4 


9 


[1111] 


1 


^( g -l)( g -2)(g-3)(g-4) 


5 


1 


see text 
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where for d — 5, it involves all possible partitions with appropriate c's = • which are not 
listed here. Notice that the coefficients for \B m (5),d,j with (d, j) = (1,2), (2,2), (2,4), (3,2), 
(3,4), (3,9), (4,2), (4,3), (4,4), (4,8) are zero, i.e., these ten A's do not contribute to the 
chromatic polynomial of the Klein bottle strip. We thus find that the total number of distinct 
A's for the 6 = 5 Klein bottle strip with indicated linking is 

AW),a = 17 ■ (3-1) 
The sum of all of the coefficients for the Klein bottle strip is 

5 N B m (5),d,X 

C(B m (5),q) = Yl E ^aM^uj = , (3.2) 

d=0 j=l 

which is easy to understand by the coloring argument. 
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B. L y = 6 Klein bottle strip 



For 6 = 6, the coefficients CB m{& ) Aj (q)c' Bm{f . ) d j 

TABLE IX. Coefficients for B m (6) strip 



are summarized in Table IX 



d 


J 


partition 


L B m (6),d,j 


C B m (6),d,j C 's m (6),d,j 





1 


[0] 


1 


1 


1 


1 


[11 

L I 


1 


q - 1 


1 


2 


fll 

L I 


-1 


-(g- 1) 


2 




[21 


I 


2 ( /W °) 


9 

Li 


9 

Lj 


[21 


_1 


— l n (n - 3"l 


2 


(J 


[21 


(J 




2 


4 


[111 


-1 


_!(„ _ i)( Q - 2) 


2 


5 


[Hi 

L J 


-2 


-(g - l)(g - 2) 


Q 


i 

± 


[si 
L°J 


i 

± 






Lj 


[31 
[°J 


_i 






•x 

O 


[31 
L°J 


o 




Q 


4 


[31 
L°J 


(J 


— lain — 1 \( n — 5") 


3 

(J 




[211 


_2 


— l n (n — 2)(a — 4) 


Q 


u 


[211 


U 


n (a — 9\(n — d\ 


Q 


7 


[211 


—4 


— l n (n — 9)(n — £\ 

3«w z )\q ^ 


Q 


a 

O 


[211 


n 

VJ 


n 

VJ 


o 


Q 


[1111 


_o 


_lf/j _ 1 V« — 2Mn - 3 s ! 


3 


10 


[1111 

L J 


2 


ifo _ l)(n - 2)(q - 3) 


4 


1 


[4] 


1 


±q(q-l)(q-2)(q-7) 


4 


2 


[4] 


-1 


-±q(q-l)(q-2)(q-7) 


4 


3 


[4] 


3 


|g(g-l)(g-2)(g-7) 


4 


4 


[31] 


-6 


-I<7(<7-l)(<?-3)(g-6) 


4 


5 


[31] 


9 


|g(g-l)(g-3)(g-6) 


4 


6 


[31] 


-9 


-|g(g-l)(g-3)(g-6) 


4 


7 


[31] 








4 


8 


[31] 


-3 


-i9(g-l)(9-3)(g-6) 


4 


9 


[22] 








4 


10 


[22] 


6 


lg(g-l)(g-4)(g-5) 


4 


11 


[22] 


6 


-ig(g-5) 
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[211] 


-6 




4 


12 


[211] 


c 



I<7W - 2 )W - 3)(g - 5) 


4 


13 


[211] 








4 


14 


[211] 


—9 


-|g(g-2)(g-3)(g-5) 


4 


15 


[1111] 


2 


^(g-l)(g-2)(g-3)(g-4) 


4 


16 


[1111] 


1 


A (g _i )(g _ 2 )(g-3)(g-4) 


5 


1 


[5] 


1 


I | 5 g(g-l)(g-2)( g -3)(g-9) 


5 


2 


[5] 
[221] 


-1 
15 


^g(g-l)( (? -3)(7( ? 2 -77 (? + 2l6) 


5 


3 


[41] 


-4 


-l)(g-2)(g-4)( g - 8) 


5 


4 


[41] 
[2111] 


12 
-12 


-9(9-2)(?-4) 


5 


5 


[41] 


-8 


-^9(9-l)(9-2)(?-4)(g-8) 


5 


6 


[32] 
[311] 


15 
-12 


^(g-l)((7-7)(g 2 -7g + 2) 


5 


7 


[32] 
[11111] 


-15 
1 


-^(?-l)(^-2)(g-5)(7g 2 -49g-6) 


5 


8 


[311] 

L J 

[221] 


12 

-15 


_ 1 _ _ 3)(g2 _ U + ggN 


5 


9 


[2111] 


8 


^9(9-2)( g -3)(9-4)( g -6) 


5 


10 


[2111] 


4 


^9(9-2)( 9 -3)(g-4)((z-6) 


5 


11 


[11111] 


-1 


- I i 5 ( g -l)( g -2)( g -3)( g -4)( 9 -5) 


6 


1 


see text 




-1 
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where for d = 6, it involves all possible partitions with appropriate c'g ( 6 ) 6j - which are not 
listed here. Notice that the coefficients for \B m m,d,j with (d,j) = (3,8), (4,7), (4,9), (4,13) 
are zero, i.e., these four A's do not contribute to the chromatic polynomial of the Klein bottle 
strip. We thus find that the total number of distinct A's for the 6 = 6 Klein bottle strip with 
indicated linking is 

N PtBm(fii = 42 . (3.3) 
The sum of all of the coefficients for the Klein bottle strip is again zero, 

6 N B m (fi),d,X 

C(B m (6),q) = J2 E ^(6)^(^)^(6)^ = 0. (3.4) 

d=0 j=l 

IV. PROPERTIES OF EIGENVALUES, COEFFICIENTS, AND B 

We first list the number of eigenvalues, NB m (b),d,x, for 1 < b < 6, < d < b, the total 
number of eigenvalues, Np^tb)^, and the points at which B crosses the real q axis, as well 
as the corresponding values for the Klein bottle strips in Table [X| 

TABLE X. Properties of P and B for strip graphs B m (b) and B m (b). The properties apply for a given 
strip of size L y xL x ; some apply for arbitrary L x , such as Np B m ^ x, while others apply for the infinite- length 
limit, such as the properties of the locus B. For the boundary conditions in the y and x directions (BC V , 
BC X ), P, and T denote periodic, and orientation-reversed (twisted) periodic. N Bm (j^ d \S are abbreviated 
as Nd.\, Np^B m (b),X is abbreviated as Np t \, and similarly for B m (b) strips. The blank entries are zero. The 
column denoted BCR lists the points at which B crosses the real q axis; the largest of these is q c (B m (b)) 
for the given family B m (b) or B m (b). Column labelled "SN" refers to whether B has support for negative 
Re{q), indicated as yes (y) or no (n). 



b 


BCy 


BC X 








iV 3 ,A 




N 5 ,x 


A^A 


Ap, A 


BCR 


SN 


1 


P 


P 


1 


1 












2 


0, 2 


n 


2 


P 


P 


1 


2 


1 










4 


0, 2 


n 


2 


P 


TP 


1 


2 


1 










4 


0, 2 


n 


3 


P 


P 


1 


2 


4 


1 








8 


0, 2, 3 


n 


3 


P 


TP 


1 


1 


2 


1 








5 


0, 2, 3 


n 


4 


P 


P 


1 


2 


5 


7 


1 






16 


0, 2, 3.67 


n 


4 


P 


TP 


1 


2 


5 


7 


1 






16 


0, 2, 3.67 


n 


5 


P 


P 


1 


2 


5 


9 


9 


1 




27 


0, 2, 4, 4.51 


n 


5 


P 


TP 


1 


1 


3 


6 


5 


1 




17 


0, 2, 4, 4.51 


n 


6 


P 


P 


1 


2 


5 


10 


16 


11 


1 


46 


0, 2, 4, 5.32 


n 


6 


P 


TP 


1 


2 


5 


9 


13 


11 


1 


42 


0, 2, 4, 5.32 


n 
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We conjecture the following q value at which B crosses the real axis for the B m {b) strips, 

BD{q = 0,2, 4,...,2[ b -^],q c (B m (b))} . (4.1) 

where [u] denotes the integral part of v, and the dominant eigenvalue in interval between 
2{d' - 1) and 2d' is X Bm (.b),d',i for 1 < d' < [^}. 

The upper and lower bounds for the eigenvalues with coefficients of degree 6 — 1 can be 
determined in the following theorem. 

Theorem 1 The eigenvalues with coefficients of degree 6—1 are bounded between 

(-lf^iq - 1) and (-l) 6 " 1 ^ ~ 2b + 1 )- 

Proof. Denote the 6! x 6! matrix for the eigenvalues with coefficients of degree 6 — 1 
as Mb-\. By theorem 2 of the diagonal elements of Mb-i are all the same to be 
(— l) fe_1 /b_i(6, q) = (— l) b_1 (g — 6), and other non-zero elements of Mb_i are all the same 
to be (-l) b f b (b,q) = (-1) 6 . Now consider M' b _ x = M 6 _i - (-l) 6 " 1 ^ - 6)/, where I is the 
6! x 6! identity matrix. The number of non-zero elements, (— l) b , in every row and columns 
of M' h _ x is b — 1 by the construction of the matrix. If we denote the eigenvalues of M' h _ x as 
A' and the normalized eigenvector of M' b _ x as W T = (wi,w 2 , ...,Wf,\), then we have 

M' h _ x W = X'W 

\M' h _ x W\ 2 = \X'W\ 2 
=>- (b - l){w\ + wj + ...w 2 b <) + 2 WiWj = X' 2 {wl + w 2 2 + ...wl) 
=>. A' 2 = b - 1 + 2 Y w i w 3 » ( 4 - 2 ) 

where we sum all the possible multiplications of two different Wi and Wj in each row of M' b _ x . 
Therefore, 

A' 2 <6-1 + £K 2 + ™J) 

= 6-l + (6-l)(6-2) = (6-l) 2 , (4.3) 
that is, —(6—1) < A' < 6 — 1. The upper and lower bounds for the eigenvalues of M&_i are 

(-u-h -»)±(»-D={[:l|«[j:^ +1) • 
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It is easy to see that (— — 26 + 1) is one of the principal terms and (— l) b ^ 1 (q — 1) 
is one of the alternating terms given in ||58|| . It follows that these values are realized as the 
largest and smallest values for the eigenvalues of M&_i □. 

We shall show that the locus B crosses the real q axis at q — 0, and doesn't cross any 
q G R _. We need the following lemma. 

Lemma 1 On the non-positive real q axis, the dominant eigenvalue with coefficient of 
degree d is 

\ Bm{b)4 = (-I f X>1) J (f) (b - d)^f d+j (b, q) . (4.5) 

3=0 ^ 

Proof. The matrix for the eigenvalues with coefficients of degree d can be written as 
H M d = (-l) d f d (b,q)I + (-l) d + 1 f d+1 (b,q)M dA + (-l) d + 2 f d+2 (b, q)M dt2 + where the 



non-zero elements are 1 in every M d j, and the number of these in each row and column is 
(^)(6 — d)^\ By the same reason given in Theorem 1, the magnitudes of the eigenvalues of 
M d , j are bounded above by (^)(6 — d)^\ Since the signs of f d+ j(b,q) alternate for even j 
and odd j for any non-positive q value, \B m (b),d given in eq. ( |4.5|) is the upper bound for the 
eigenvalues with coefficients of degree d. Since \B m {b),d is the eigenvalue with c' Bm ^ d - = 1 



given in [58], the proof is completed. □. 



Theorem 2 The minimum real q at which B crosses the real q axis is q = 0. 
Proof. We will begin with the proof that \\B m (b),o\ > \^B m (b),i\ > ■■■ on the whole 
negative real q axis. The first few examples of As m (6),d's are 

-W(&),o = fo(b,q) 



AB ra( 6),i = -/i(6,g) + (6-l)/ 2 (6,g) 

\B m (b),2 = / 2 (6, q) ~ 2(b - 2)f 3 (b, q) + (b- 2) (6 - 3)/ 4 (6, q) 

A Bm ( 6) ,3 = -Mb, q) + 3(b - 3)U(b, q) - 3(6 - 3)(6 - 4)/ 5 (6, q) + (6 - 3)(6 - 4)(6 - 5)/ 6 (6, q) 
\ Bm (b )A = U(b, q) - 4(6 - 4)/ 5 (6, q) + 6(6 - 4)(6 - 5)/ 6 (6, q) - 4(6 - 4)(6 - 5)(6 - 6)/ 7 (6, q) 

+ (6-4)(6-5)(6-6)(6-7)/ 8 (6,g) . 

To show that fo(b,q) has the largest magnitude on the negative real q axis, we only need 
\fi{b,q)\ > \fi+i(b,q) -(6-i- l)f i+2 (b,q) \ as follows, 
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\fi(b,q)\-\f i+1 (b,q)-(b-i-l)f i+2 (b,q)\ 



{-lf- i m q) - [f i+ i(b, q)-(b-i- l)f i+2 (b, q) 

b-i 



i) M E(- 1 )" 



s=0 



b-i 



(q-i- + f i+ i(b, q)-(b-i- l)/ i+2 (6, g) 



6—2—1 



^ + 1 



(g-i - s- 



i-s-1) 



6-j-l 



s=0 



6-i-l 



(?-<-!- s)^ 1 -) - (6 - i - l)/ i+2 (6, g) 



6-i-2 



(-1) 6 - 4 [(g - i)* 6 "*) + (-I) 6 -* + + ^ (-l) s+1 (g - i - 1 - s)^- 1 - 

s=0 



«) 



(6-i)! 



(6-i-l)! 
'6 - i - 1 - s) 



s + l)\(b-i-s- 1)! s!( 

6-1-2 

[(g - i)^ + ^ (-l) s+1 (g - % - 1 - s)^- 1 - 5 ) 



{b-i-l)f i+2 (b,q) 



s=0 



s + 1 



6-i-2 



£ (-1)' 



s=0 



6-i - 2 



6-1-2 

(6-i-l)! 



(g - i - 2 - s)^- 2 -*) 
g - % - 2 - s f>-'- 2 ~ s) 



i-l-s) 



(s + l)!(6-i-2-s)! 

6-1-2 



+ (6-i-l) 



(6-?-2)! 



= (-1) 6 - (g - if^ + £ (-l) s+1 (g - i - 2 - sf" 
> for g < . 



s!(6-i-2-s 
J - 2 - s) (^"^- 1) 



6 — i — 2\g — i 
s /s + 1 



(4.7) 



For g = 0, all above argument are still valid, with the exception that |/j(6, 0)| = \f i+ i(b, 0) — 
(6-i - l)/i+ 2 (6, 0)| when i = 0, i.e. \X Bm (b),o\ = |A Bm ( 6 ),i| for q = 0. □. 

We will prove that the maximal value of q where B intersects the (positive) real axis is 
smaller than q = b for 6 > 2. We have the following lemma. 
Lemma 2 fi(b, q) > if q > b. 

Proof. Since we have (g — i — s)( 6 ~* -s ) > when g > 6, one only need to show that the 
magnitudes of the terms in eq. (|2.3|) decrease for s from to 6 — i. 
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% ~\ q -i- sf-^ - ~ J) (g - i - s - 1)0-*— *) 



(g-i-s- l)^" 5 " 1 ) 
(g-i-s- l)^- 5 - 1 ) 



(6-?)! 



:(q-i-s 



(b-i)\ 



-sl[b — i — s) 
> + !)!(&- i-s)! 



{q-i-s-l) {b - 



•i-s-l)_ 



(ft-*)! 



(s + l)!(6-z-s)! L 
> for < s < 6 — z — 1 and g > 6 , 



( s + iy.(b-i- s- iy. 

(s + l)(g — z — s) — (6 — i — s) 
s(q — i — s) + q — b 



where the equal sign is realized only when s = and q = b. Therefore, fi(b,q) = only 
when i = b — 1 at g = 6, and fi(b, q) > for any other < % < b and g > b. □. 



It is known that q c (B m (l)) = 2, q c (B m (2)) = 2 g§, and q c (B m (3)) = 3 JTT|. Thus, for 
6=1, g c = 6+1 while for 6 = 2 and for 6 = 3, g c has the respective values g c = 6. It is of 
interest to ask how q c (B m (b)) is related to 6 for 6 > 4. We determine this relation with the 
following theorem. 

Theorem 3 q c (B m (b)) < 6 for 6 > 4. 

Proof. By a reason similar to that given in Lemma 1 and the result of Lemma 2, the 
magnitude of the eigenvalues with coefficients of degree d are bounded above by 



A' 



B m (b),d 



Y^( d )(b-d)Wf d+j (b,q) forg>6 



(4.9) 



where it is equal to \B m (b),b~i,i for <i = 6 — 1 at g = 6 and equal to A_B m (&),o,i for d — and 
any g. The first few examples of A', 



B m {b),d 



s are 



A', 



B m (b),0 



/o(6,g) 



\' Bmm = fi(b,q) + (b-l)f 2 (b,q) 



A', 



B m (b),2 



A' 



B m (b),3 



f 2 (b, q) + 2(6 - 2)/ 3 (6, g) + (6 - 2)(6 - 3)/ 4 (6, g) 



/ 3 (6, g) + 3(6 - 3)/ 4 (6, g) + 3(6 - 3)(6 - 4)/ 5 (6, g) + (6 - 3)(6 - 4)(6 - 5)/ 6 (6, g) 



A' 



Bm(b)A 



U(b, q) + 4(6 - 4)/ 5 (6, g) + 6(6 - 4)(6 - 5)/ 6 (6, g) + 4(6 - 4)(6 - 5)(6 - 6)/ 7 (6, g) 
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+( 6 _4)(6-5)(6-6)(6-7)/ 8 (6,(z) . (4.10) 

To show that f (b, q) = A Bm (b),o,i has the largest magnitude for q > b, we first need fi(b, q) > 
f i+1 (b, q ) + (b-i- l)/ i+2 (6, g) for < % < b - 2 and q > b, 

fi(b, q) - fi+i(P, q)-(b-i- l)/i+ 2 (6, g) 



6-i 



s=0 



b — i 



b-i-l 



{q-i-s) (b - 



i—s) 



s=0 



6 — i — 1 



(g-^-l-s)^- 1 - 



s) 



-(b-i-l) f i+2 (b,q) 

b-i-l 



s=0 

-(6-i-l)/ i+2 (6,g) 



s!(6-i-s)! 



(6 — i)(g — i — s) — {b — i — s) 



i - 1 - s) 



-l-s) 



s=0 



-(b-i-l)f i+2 (b,q) 



b-i-l 

s 



-i-2 



{b-l-l) + 



b — i 

s 



(Q-b) 



{ _ 1)b -i + _ j _ i + ( 6 _ i)( q _ 6 )] + £ (_!).(, _ j _ 2 - 



-i-2-s) 



X 



(g - i - 1 - s) 



b-i-l 

s 



(b-i-l) + 



s=0 

b -%- l )]- ll -i-l>">- i - 2 



6-i-2 



= (-1)^ + (-l)^ 1 ^ -i-l + (b-i)(q-b)]+J2 -i-2- sf~* 

'b-i-l 



i-2-s) 



s=0 



X 



(?-&) 



+(b-i-l)(b-i-2) 



(6 — i — 1) + 

6-i-2 

s 



6-i 

s 



(g - 6) + (6 - i - 1 - s) 



6 — i 

s 



> for < i < b - 2 and q > b , 

where the equal sign is realized only when i = b — 2 at g = 5. Therefore, we have A', 



(4.11) 



B m (b),0 



> 



X '» ™,1 > - > X B m (b\b/2 for eVen b alld X B m (b\0 > X B m (b\l > - > A k(6),(6-l)/2 for ° dd h ~ 



'B m (b), 



Recall fi(b,q) = if b < i. To show X' Bm{b)tb/2 > ■■■ > x ' Bm (b),b for even b and A B m (6),(6+i)/ 2 > 



... > A' 



B m (b),b 



for odd b, we must have the coefficient of /{,(&, q) in X' Bm ^ d is smaller than the 



sum of the coefficients of f b ~2(b, q) and /&(&, g) in A^,^ d _ 1 as follows, 
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f d- 1 
K b - d - 1 

(d -!)!(&- d+1)! 



d+l) (fe 



-d-l) 



+ 



+ 



d- 1 
b-d+1 
(d- l)!(6-d + l) 



d!(6-d)! 



d 

6-d 



d) 



(6-d-l)!(2d-6)!2 (6 - d+ l)!(2d - b - 2)! (6 - d)!(2d - 6)! 



(d-l)! (6-d+l)(6-d) (d-l) 



(2d -6)! 

(<*-!)! 
2(2d-6)! 

2(2d-6)! 



+ 



d! 



2 ' (2d- 6- 2)! (2d -6)! 

(6 - d + - d) + 2(2d - 6) (2d - b - 1) - 2d 

(36 2 - lOfcd + 9d 2 + 36 - 7d) , 



(4.12) 



which is larger than for even b with 6/2 < d < b and odd 6 with (b + l)/2 < d < b except 
for (b, d) = (2,2) and (4,3) where it is 0. For odd b and d = (b + l)/2, there is no fb(b,q) 
term in , 6 \ r&-i)/2> an d we need the coefficient of the fb(b,q) in A^ , 6 n r&+i)/2 i s smaller 
than the coefficient of /&_ 2 (&, ?) in A^^ (&_i)/2> 

(fe-d+l)^- 1 )- 



d- 1 
b-d-l / 

(d- !)!(&- d+1)! 



d 

6-d 
d!(6-d)! 



(&-d) 



(&-d) 



2(&-d-l)!(2d-&)! (& - d)!(2d - &)! 
(d-l)! 



2(2d-&)! 

-(— )! 

2 V 2 ; 



(6-d+l)(6-d) - 2d 
1 



(6+1) 



1 ,b 



-)!(&- 5)(& + l) > for&>5. 



(4.13) 



Therefore, for b > 4, we find \B m {b),o,\ is dominant for q > b, i.e. q c (B m {b)) < b. □. 

We remark that our theorem, in combination with the known results that q c (B m (b)) = b 
for b = 2, 3, yields the theorem that 



q c {B m (b)) <b for b > 2 



(4.14) 



We observe that the length between b and q c (B m (b)) are —1,0,0,0.3264,0.4937, and 
0.6764 for the respective values 1 < b < 6. These values suggest that this length might well 
increase monotonically up to 1 as b — > oo, since the lower bound for q c (B m (b)) is b — 1 [62]. 



We observe the following general form of four \B m (b),3j corresponding to the partition 



[21], 



29 



W), 3J1 = -h(b, g) + 2(6 - 3)f A (b, q)-(b- 3) (6 - 4)/ 5 (6, g) (4.15) 
A Bm(fe ),3 J2 = ~h(b, q) + (b- 4)/ 4 (6, ?) + (&- 4)/ 5 (6, g) (4.16) 
A Bm(6 ),3,; 3 = -/a(6, 9) + (6 " 6)/ 4 (6, g) + 3(6 - 4)/ 5 (6, g) (4.17) 

A Bm (6),3,i 4 = -/ 3 (6, g) - 3/ 4 (6, g) - 3/5(6, g) . (4.18) 

These formulae are correct for 3 < 6 < 9, and we conjecture that these are the only \B m (b),3,j 
corresponding to the partition [21] for arbitrarily 6. For toroidal strips, their coefficients are 
CB m ( b ),3,j = |g(g-2)(g-4), and c' Bm(b) ^ k = 2(6-1), 6(6-3), (6-l)(6-2), and |6(6-2)(6-4) 
for 1 < k < 4. 

From toroidal strips to Klein bottle strips, we observe the transformations from c' B ^ d ■ 
to c's , . have certain patterns for < d < 4 and 2 < 6 < 6, and summarized them in 

B m (b),d,j f — — — — ' 



table XI. Notice that the results are different for even and odd 6. 
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TABLE XI. Relation of cf Bm ^ d j and 



partition 


d 


C B m (b),d,j 


c'b n.\ j • for odd 6 

B m (b),d,j 


c'b ,u\ j ■ for even 6 


[d] 


d > 


1 


1 


1 




d > 1 


6-1 





-1 




d > 2 


6(6-3)/2 


(6-3)/2 


6/2 




d > 3 


6(6- l)(6-5)/6 





-6/2 




d > 4 


6(6- l)(6-2)(6-7)/24 


(6-l)(6-7)/8 


6(6-2)/8 


[1*] 


2 


6-1 





-1 




2,3 


(6-l)(6-2)/2 


-(6-l)/2 


-(6-2)/2 




3,4 


(6-l)(6-2)(6-3)/6 





(6-2)/2 




4,5 


(6-l)(6-2)(6-3)(6-4)/24 


(6-l)(6-3)/8 


(6-2)(6-4)/8 


[21] 


3 


2(6-1) 





-2 




3 


6(6 - 3) 


6-3 


6 




3 


(6-l)(6-2) 


-(6-1) 


-(6-2) 




3 


26(6-2)(6-4)/3 


2 





[31] 


4 


3(6-1) 





-3 




4 


36(6 -3)/2 


3(6-3)/2 


36/2 




4 


3(6- 1)(6- 2)/2 


-3(6- l)/2 


-3(6- 2)/2 




4 


6(6- l)(6-5)/2 





-36/2 




4 


6(6-2)(6-4) 


3 







4 


36(6 - 1)(6 - 3)(6 - 6)/8 


-3(6 - 1)(6 - 3)/8 


-36(6 - 6)/8 


[22] 


4 


6(6 - 3) 


6-3 


6 




4 


26(6-2)(6-4)/3 


2 







4 


6(6- l)(6-4)(6-5)/6 


(6-l)(6-5)/2 


6(6-4)/2 


[211] 


4 


3(6-l)(6-2)/2 


-3(6- l)/2 


-3(6- 2)/2 




4 


(6-l)(6-2)(6-3)/2 





3(6-2)/2 




4 


6(6-2)(6-4) 


3 







4 


36(6-2)(6-3)(6-5)/8 


-3(6-3)(6-5)/8 


-36(6 -2)/8 
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For the partition [d], if we label c' B r h s d>0 as the c' Bm( ^ d - = 1 in the first row of table 
XI , and similarly for other c' B , b ~. d>d ,, we conjecture the following forms of the corresponding 



C ' Bm (b),d>d> for g elleral d 



C B m (b),d>d> 



( ( V/f) - foreven d ">2 fa odd 

I for odd d' > 1 



and 



f ( for even d' > 
- { _ ((/ / 2)/2 ) for odd d , > t for even 6 . 



(4.20) 



For the partition if we label c' B , h -, 2 as the c' Bm ^ d - = b — 1 in the first row of the 
[l d ] partition of table [XI], and similarly for other c' B , h -. d ,, we conjecture the following forms 
of the corresponding c' B d , for general d', 

f(-l)C-W.(^ forodd d <>3 forodd6i (421) 
t for even d! > 2 



C B m {b),d 



and 



E^o^V^Cf) foroddd'>3 



c S m (fe),d' = i Wd'°2V2, ,^_// h / 2 N , ' „ for even 6, (4.22) 



ZfLo^i-^O forevenrf'>2 



If the sum of the coefficients for a specific d is denoted as C(B m (b), d, q), that is, 



N B m (b),d,\ 



C(B m (b),d,q) = Yl c B m (b),dM c 'B m {b),d,^ ( 4 - 23 ) 
we have the following conjecture, 

C(5 m (even b), d, q) = { H^G/D for even d (4.24) 

I for odd d 

even d 

C( Bm (odd = < > for rf . (4.25) 
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V. CONCLUSIONS 



In this paper we have presented exact zero-temperature partition functions for families of 
chain graphs composed of repeated complete subgraphs K^, b — 5, 6 with periodic or twisted 
periodic boundary condition in the longitudinal direction. In the L x — > oo limit, the con- 
tinuous accumulation set of chromatic zeros B was determined. We showed the eigenvalues 
with coefficients of degree 6—1 are bounded between (— — 1) and (— l) 6_1 (g — 26 + 1), 
and gave the explicit forms of the eigenvalues for partitions of the form [21]. The minimum 
real q at which B crosses the real q axis was proven to be q = 0, and q c (B m (b)) < b for 4 < b. 



Acknowledgment: I would like to thank Prof. R. Shrock for helpful discussions. 
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